In this paper, we develop a numerical method for solving two dimensional viscous flow problems in the presence of obstacles in unsteady regime. In fact, the present study is based on a Chorin type Projection method [1] of first order in time and second order of accuracy in space, on a staggered grid [9] . Here we consider flows with incompressibility and solid constraints for an horizontal fluid flow [3] . Results of this study are presented for the Navier-Stokes equations in order to show the efficiency of the method for complex fluid flows.
Introduction
The need for the simulation of complex fluid flows arises in numerous engineering problems, as hydrodynamic and aerodynamic where the flows around obstacles have a fundamental importance [10] and [5] . In each case the primary difficulty arises from the need to calculate turbulent or transitional flows with boundary conditions on complicated domains.
In this paper we combine two mathematical approaches to calculate an horizontal flow. The first study is for a flow in a simple rectangular geometry. The second one is the flow in a complex geometry with one or multiple obstacles. Here we can use the first study (flows without obstacles) trying to impose some considerations in order to incorporate one or more obstacles of a particular shape in the flow field.
When solving the Navier-Stokes equations for an incompressible viscous and Newtonian fluid, the flow field is often discretized using a staggered grid, in which the Chorin-Projection Method (developed in 1967) of a first order in time, using an explicit forward Euler scheme is implemented; whereas for the spatial variable, we consider a semi-implicit scheme. This is done so that the velocity and the pressure are decoupled. The unknowns locations on the staggered grid are: the cell centers for the pressure p, the midpoints of the vertical cell interfaces for the horizontal velocity u, and finally the midpoints of the horizontal cell interfaces for the vertical velocity v.
The Projection Method
For incompressible flows, the pressure did not carry any thermodynamic meaning and was presented only as a Lagrange multiplier to enforce the incompressibility constraint. Therefore, it is very important to use an operatorsplitting discretization scheme known as the projection method or the fractional step method [2] , in which the computations of the velocity and the pressure are decoupled through a predictor corrector procedure. In the first step, an intermediate velocity field is computed by solving the momentum equations ignoring the pressure term and the incompressibility constraint, in the second step, the intermediate velocity is projected to the space of the divergence-free vector fields to get the pressure and the corrected velocity that satisfies the incompressibility condition. Because of the decoupling of the velocity and the pressure computations, the projection method is much more efficient than the fully coupled procedures. To these equations are added appropriate external inflow, outflow and sides boundary conditions, in order to get a well-posed problem and an horizontal flow. Indeed, the no-slip boundary is used on the walls on which the velocity is set to zero [8] . However, since the vertical boundaries contain no v-values and the horizontal boundaries contain no u-values, the zero boundary value is enforced in these cases by averaging the values on either side of the boundary, so if we denote by u N , u S , u W and u E (v N , v S , v W and v E ) the velocity values on the north, south, west, and east boundaries respectively, we can write
In addition, The boundary conditions for the pressure on the two walls and on the western boundary is taken as an homogeneous Neumann conditions ∂p ∂η = 0. Furthermore, in order to get a Poiseuille flow, we impose that the velocity condition u = u W have a parabolic profile (the inlet flow conditions). In addition, when the fluid is to flow freely across the boundary, the velocity gradient at the boundary is set to zero (the outlet condition)
For simplicity, we rewrite the momentum and continuity equations (1) in component form, where the nonlinear term has been rewritten using the continuity equation in order to get a more conservative form as the following
Time discretizations
Let the numerical approximations be u n and v n at the n th time step. We try to find the solution at the (n + 1) st time step using a semi-implicit scheme, since the nonlinearity usually cannot be easily handled implicitly. Furthermore, it's not possible to compute the pressure explicitly since there is no way to find it at the next time level. Then, we propose the following three steps approach through the intermediate velocities u * and u * * which does not affect the physical meaning of our problem
Treatment of the nonlinear terms (explicitly)
The convective terms are treated explicitly because of their nonlinearity
Treatment of the diffusion terms
The linear part is treated implicitly in the following way
Pressure correction
Since it is not possible to compute the pressure explicitly. We proceed by a correction of the intermediate velocity field (u * * , v * * ) by the pressure gradient P n+1 to enforce incompressibility
By rewriting these last two equations in vector notation, we get
By applying the divergence to both sides yields the linear system
which is a Poisson problem in order to find the pressure P n+1 . Hence, the velocity u n+1 is computed from equation (14).
Spacial Discretization
First, we approximate the second and first derivatives by a central differences scheme on the staggered grid (see Figure 3 .1). We write Furthermore, because the convective terms in the momentum equations become dominant at high Reynolds numbers or high velocities, it is necessary to use a combination of the central and upwind differences (Upwind differencing is used to stabilize the simulation) using a parameter γ ∈ [0, 1]. According to [9] , γ should be chosen such that
in the same sense, in the present numerical study we take the parameter γ according to [3] so that γ = min(1.2 ∆t max(max
Remark: this result is obtained by a stability analysis using the Fourier Analysis (see [6] , and [9] ).
Hence, the horizontal component of the convective term can thus be approximated as follows
Analogous formulas are obtained for the vertical component.
Numerical Approach for flow around obstacle
We now proceed to a study in complex geometries. In order to simulate flows around solid obstacles, we use the above described numerical procedure with rigorous modifications in order to incorporate the solid obstacles in the flow field. As indicated before, let us consider a rectangular fixed obstacle O in the flow field denoted by the domain Ω = Ω\O = {{]0, a[×]0, b[}\O}×]0, T [. Here, the major difficulty arises in the boundary conditions around the obstacle, and in particular at the four corners presenting geometrical discontinuities. Around the solid obstacle the non-slip boundary condition is implemented for the velocity, and an homogeneous Neumann condition for the pressure. However, concerning the four corners we take the average of the two adjacent points in order to get a certain continuity. For instance, we summarize this in the following
where Γ i and C i , for i = 1, 2, 3, 4, are the exterior sides of the flow domain and the obstacle corners, respectively. 
Mathematical study
In order to prove that the problem (23) is well-posed we study the classical corresponding weak formulation. Since the pressure appears only with its gradient in the momentum equations, it is a scalar of the vanishing mean value, hence the pressure space is given by
The velocity space is chosen to be
such that
In order to simplify the variational formulation, we have to use the Green formulas (23)) by the test functions ω ∈ V and q ∈ Q respectively, we get the variational formulation
qd Ω = 0 (27) The existence and the uniqueness of the solution is done by the use of LaxMilgram theorem [4] and references therein.
Algorithm

* For Flows without obstacles
Step1: Initialization At time t = 0 for given initial values for u and v, time is incremented by ∆t in each step of an outer loop until the final time t f inal is reached. Set Re,, t end , ∆x, ∆y, nx × ny (grid points), ∆t with respect to the stability condition. -Compute ∇.u n from the velocities u n , v n . the linear systems of equations arising from the discretization are solved by a direct method (Gaussian elimination)
Step 2: Computations -Solve equation (15) 
Conclusion
For numerical experimentations, we simulate flows around one or multiple fixed obstacles. First, a simple problem of Poiseuille flow between parallel plates was considered to verify the efficiency of the method, which was implemented in three steps using a semi-implicit scheme. As result of the projection method, at each time step, we only need to solve a few equations of Poisson type, separately for the velocity and the pressure, instead of the coupled system. Secondly, during the interaction of the fluid with the obstacles a high pressure areas were observed for different Reynolds numbers. This is due to the singularities in the obstacle geometry (see Figures 5.1 -5.3 ). In fact, for the velocity profiles some deformations are developed around each obstacle in the four sub-regions of the global domain. It is has to be noted that for high Reynolds number the nonlinear part dominates and poor results occur. Matlab was used for numerical experimentations.
